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Abstract We investigate rotational motions derived
from measurements by arrays of translational seis-
mometers—hereafter called array-derived rotations
(ADRs)—and compare these to measurements made
by a commercially available point rotation sensor
(eentec™ R-1™). We focus on two aspects of the
array problem: (1) the requisite conditions for calcu-
lating an ADR well and (2) the effect of array config-
uration on the result. Our data set consists of
translational accelerations and rotation rates recorded
by an array of Kinemetrics™ EpiSensor™ accelerom-
eters and two R-1™ rotational sensors in the TAIPEI
101 building in Taipei, Taiwan. Our results indicate
that (1) array configuration affects the accuracy of
ADRs about orthogonal components in horizontal
plane, (2) coherence between two point rotation meas-
urements (two R-1™) can determine the maximum
frequency of translations viably used for the calculat-
ing ADRs, and (3) the performance of the R-1™ is
adequate, at least above a frequency of 0.12 Hz
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(periods shorter than 8 s). We also discuss deriving
strain from the same array.

Keywords Array-derived rotation - Rotational
sensor - TAIPEI 101

1 Introduction

Rotational ground motions can be measured directly
by a rotational sensor (“point” rotations) or by calcu-
lations using measurements from a seismic array of
translational sensors (“area” rotation, here called
array-derived rotations, ADRs). For the former, vari-
ous techniques for implementing rotational sensors
have been attempted, including microelectromechani-
cal systems Coriolis sensors (Nigbor 1994; Takeo
2009), fiber optic gyroscope (FOG; Schreiber et al.
2009; Jaroszewicz et al. 2006), ring laser gyros
(RLGs; Schreiber 2005, 2006), Rotaphone (Brokesova
and Malek 2010), and molecular electronic technology
(MET, Lin et al. 2009; Liu et al. 2009; Wu et al. 2009).

Linear elastic theory indicates that ground rotations
can be derived from spatial gradients of translational
motions. Two commonly used numerical methods for
computing ADRs are a finite difference approximation
(Oliveira and Bolt 1989; Huang 2003; Langston 2007)
and a geodetic method (Spudich et al. 1995). The
prerequisite condition for accurately calculating gra-
dients is that the translational array should be much
less than one wavelength. To guarantee this, Langston
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(2007) proposed a criterion to determine the maximum
frequency of translational data that should be used for
calculating those gradients. Until now, no direct evi-
dence has been available to demonstrate this criterion.
Here we show that the similarities between rotational
waveforms at different locations within the array
might provide a way to demonstrate the criterion pro-
posed by Langston (2007).

Comparing rotational waveforms generated by
point rotation measurement to those derived from a
translational array is of interest both for testing the
performance of the rotational sensor and evaluating
the ADR technique. Suryanto et al. (2006) were the
first to show consistent rotational waveforms between
vertical component ADR and point measurements by
an RLG; Wassermann et al. (2009) gave the first such
comparison for three-axis data sets. However, their
results indicate that only the vertical component rota-
tion provides a good waveform match. They did not
fully explain the poor comparison between horizontal
axis rotation components. Although some studies had
been made of the effects of noise on ADRs (Suryanto
et al. 2006), little attention has been paid to the influ-
ence of rotational axis orientation. The axis of rotation
computed by ADR is constrained to be perpendicular
to the used array plane. In general, ADRs about the
vertical axis can be derived well because each hori-
zontal axis translation on the ground can be used to
determine vertical axis rotation averagely. However,
the orientation of ADRs about a horizontal axis must
take into account the array configuration when it is not
arranged in an orthogonal shape. In the following
section, we investigate this orientation issue with a
data set composed of translational and rotational sen-
sors in an array in TAIPEI 101.

2 Deriving rotation from a translational array

The crucial condition for deriving rotation from a
translational array is that the strain over the array is
spatially uniform (Spudich et al. 1995). Langston
(2007) further pointed out that the maximum frequen-
cy for computing these spatial gradients of translation
is 0.123 c/s for errors of 10 % or less (c is the wave
velocity and s the array aperture) to guarantee that the
array aperture is small in comparison to the shortest
wavelength analyzed. We propose another method for
determining this frequency bound—coherence
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analysis between two point rotation measurements
over the same array. We conclude that the Langston
criterion is a reasonable estimate of the maximum
frequency of translations that can be used to derive
reliable ADRs.

As mentioned, there are two common numerical
methods, finite difference method and Spudich’s
method, for computing ADRs. Since we investigate
how array configuration affects the accuracy of ADRs
about orthogonal components within the horizontal
plane, we prefer to use the simpler method, the finite
difference method of Oliveira and Bolt (1989), to
derive uniaxial rotation from station pairs, rather than
Spudich’s method which requires at least three stations
to support a least square procedure. The finite differ-
ence expression of rotation rate is

G, =L (4 _4b) 4 =1 (A _ iy 1 iy Ay
X2\ Ay Az ) Yy T 2\Az Ax ) Z T2\ Ax Ay

where 0; is rotation rate (in radians per second), #; is
translational velocity, and the axes are x, y, and z
(positive up). A practical numerical calculation can
be made simply by differencing two translational
records and dividing by the distance between stations.

These difference equations relating translations to
rotation are presented in several forms in Table 1 and
show that rotation can be derived from translational
vectors along the orthogonal direction in the general
case (case 1), where the axis of rotation is perpendic-
ular to the translational vectors used. When strain is
small compared to rotations and strain gradients are
consistent along two orthogonal axes, ADRs can also
be derived from parallel translations separated by a
distance (cases 2 and 3; Fig. 1b).

We also investigate whether a rotational sensor
array can be used to derive shear strain. If the infini-
tesimal strain approximation is valid, the strain rate &;
can be represented by

1 (Ad Ay
EX_Z(Ay+Az>7

Figure 1 illustrates the effect of shear strain and
rotation in an infinitesimal block. In pure rotation,
gradients along the orthogonal directions are identical,
while in shear strain, those gradients have the same
amplitude but inverse polarity to one another. Imaging
of two separated rotational sensors that are located at
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Table 1 Case 1 is the difference equations for deriving rotation
rates about three axes from three components of translational
velocity

Case 1 Case 2 Case 3
0, 1 (AL A Au; _ Ay
’ 2\4a T Az Ay Az
0 1 (A_u _ A_L?z) _ Qi AT
y 2\VAz T Ax Ax Az
L (A _ A Ay _ i
‘ 2\ Ax Ay

Cases 2 and 3 are only valid when strain can be neglected in
comparison with rigid rotation

an infinitesimal distance apart in a plane is shown in
Fig. 1; adding two rotational measurements yields two
times the block rotation while subtracting them yields
two times the block shear strain. These relations remain
valid when strain and rotation occur simultaneously.
Although the discussions above are developed for an
infinitesimal block (a continuum particle), we believe
they are sufficiently accurate for array calculations over
a floor slab (e.g., reinforced concrete as in TAIPEI 101)
and possibly between floor slabs.

Here we explain why the array’s configuration affects
the accuracy of ADRs about orthogonal axes in the
horizontal plane. Rotation can be seen as a vector,

including a magnitude and orientation (normal to the
plane of the rotation in a right-handed sense, fingers
pointing in the direction of particle motion). If we derive
two non-orthogonal rotational vectors v; and v, from a
translational array on the plane, as shown in Fig. 2a, we
can still infer orthogonal vectors u; and u, by using an
orthogonalization procedure. Consider the two horizon-
tal plane array configurations in Fig. 2b, ¢, for example.
As in case 2 of Table 1, the horizontal axis rotation can
be derived from pairs of vertical axis translation. Con-
sidering that the ADR must contain noise like phase
uncertainty in the sensors and site variations, the array in
Fig. 2c is more effective than the array in Fig. 2b
because the array configuration in Fig. 2b increases
errors from applying the orthogonalization procedure
to nearly parallel axes.

Next we investigate whether the translational
measurements need to be corrected for rotational
effects, including centrifugal and gravitational accel-
erations, prior to deriving rotation from them. Seis-
mology is fortunate that centrifugal accelerations
induced by ground motion seems small and can be
neglected in explosion (Lin et al. 2010) and earth-
quake records (Lin et al. 2011). For tilt-induced
gravitational accelerations acting on the horizontal

(b) 9w
ay
r—H

Fig. 1 Deformed and (a) ou,
rotating blocks illustrating E
the effects of a pure shear

strain, b pure rotation, and ¢

combined strain and rotation o)

in the X~Y plane. Strain

causes shear deformation .

while rotation causes rigid
rotation. The red blocks
denote two hypothetical
stations providing point
rotational measurements

‘ duy

9
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about Z (deformations are
exaggerated for clarity;
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Fig. 2 a Two dimensions of the Gram—Schmidt process, while
v; and v, are the known non-orthogonal vectors, ul is the same
with vy, u, is the vector that v, minus its projection onto the uy,
and e; and e, are the normalized vectors of u; and u,. This
orthogonalization procedure is valid for rotation vectors as well.

components of the seismometer, because the transla-
tional array data has been preprocessed to filter out
the high-frequency contents to guarantee that the
wavelengths used are larger than the array dimen-
sion, tilt effects for long period signal are nearly
uniform over an array plane, so they cancel when
two translations are differenced.

3 Observations and data processing

The Institute of Earth Sciences, Academia Sinica,
Taiwan, started deploying seismic instruments in TAI-
PEI 101 in 2010. The digitizers in this building are
six-channel 24-bit Kinemetrics™ Basalt™. The array
is unusual because it includes two three-axis rota-
tional sensors (eentec™ R-1™) in addition to several
three-axis translational accelerometers (Kinemet-
rics™ EpiSensor™). There are four stations in
TAIPEI 101; instrument information is summarized
in Table 2 and illustrated in Fig. 3. Stations T1S1,
T1S2, and T1S3 are located at the southwest cor-
ner of TAIPEI 101 at floors B5, 74, and 90 (“B”
meaning below ground level). Station T1S4 is locat-
ed at the northeast corner of TAIPEI 101 at floor 90.
This study focuses on the subarray formed by sta-
tions T1S2, T1S3, and T1S4 on the 74th and 90th
floors.

(b)

b, ¢ Two arrays, each composed of three translational stations
(square blocks) in the horizontal plane, and corresponding hor-
izontal axis rotational vectors (arrows) derived from vertical
components of these stations

Since a GPS antenna is difficult to install in a sky-
scraper like TAIPEI 101, only one station, T1S3, is so
equipped. The other three stations (T1S1, T1S2, and
T1S4) use Network Time Protocol (NTP) as their time
references. Typical time accuracy for internet based
NTP is 10 ms with the worst case about 100 ms (for
example, section 5.1.3.1 of http://www.ntp.org/ntpfag/
NTP-s-algo.htm#Q-ACCURATE-CLOCK). The sam-
pling rate of our digitizer is 20 samples per second
(sps; sampling period is 50 ms), so our instrument
configuration is unable to support a wide bandwidth
ADR calculation and may increase phase errors due to
coarse sampling. However, if the data are filtered to
frequencies below 5 Hz (200 ms period), time accuracy
should not be a problem.

A six degrees of freedom (DOF) data set from TAI-
PEI 101 for an Mw 6.9 earthquake northeast of Taiwan
in 2011 (epicentral distance of ~498 km; Fig. 4) was
gathered. Amplitude Fourier spectra of three axes of
acceleration and two of horizontal axis rotation rates at
station T1S3 (Fig. 4a) show a fundamental frequency of
0.15 Hz (6.4 s), which is almost the same as the first-
mode response of TAIPEI 101 (6.8 s; TAIPEI 101 wind
damper website http://www.taipei-101.com.tw/en/DB/
index.asp?id=db01). However, vertical axis rotation rate
has a higher fundamental frequency of about 0.22 Hz
(4.5 s), presumably from a building torsional mode. For
translations, waveforms are similar but amplitudes

Table 2 Instrument information

for the TAIPEI 101 array Station Elevation (floor) Sensor A Sensor B Timing system
L . . T1S1 —22 m (B5) EpiSensor™ VSE-355 G3™ NTP

Digitizers are Kinemetrics™ . ™ ™

Basalts™ and are continuously T1S2 319 m (74F) EpiSensor VSE-355 G3 NTP

recorded at 20 sps. Figure 3 T1S3 386 m (90F) EpiSensor™ R-1™ (30s—50Hz) GPS

shows approximate station loca- T4 386 m (90F) EpiSensor™ R-1T (20s-20Hz) NTP

tions within the building
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Fig. 3 Schematics of the
locations of our seismic
stations in TAIPEI 101. A
perspective view of stations
T1S1, T1S2, T1S3, and
T1S4 (left). A photo of
TAIPEI 101 with sensor
information overlaid (right).
The two horizontal compo-
nents (X and Y) are parallel
with the sides of the build-
ing and the Z is vertical. B5F'
fifth floor below ground;
74F and 90F floor levels
above ground; BB a broad-
band VSE-355G3™ sensor

N SW

increase with station elevation. For two rotation rate
measurements at the same floor (the 90th; stations
T1S3 and T1S4), the waveforms are similar. We infer
rotation from the translational array in three ways: (1)
we derive vertical axis rotation from horizontal axis
translations, (2) derive horizontal axis rotations from
translations at different elevations, or (3) on the same
plane, and (4) we investigate the maximum frequency of
translations that can be used for accurately calculating
an ADR.

Before calculating an ADR, we evaluate the crite-
rion presented by Langston (2007) and investigate the
similarity between two separated point rotations in the
array for comparison. We assume that the shear wave
velocity of the steel and concrete floor slabs in TAIPEI
101 is ¢=3,200 m/s and the largest array aperture is s=
67 m. Therefore, the highest frequency of translation
we use to infer rotation should be ~5.9 Hz (0.123 x
3200/67). Figure 5 shows coherence results for each
point rotation component from stations T1S3 and
T1S4. For coherence >0.8, the frequency band for
horizontal and vertical components is about 0.12—0.8
and 0.12-3.2 Hz, respectively, so the vertical compo-
nent has a broader coherent frequency band. This
difference is unlikely to the result either from time
source errors between the two stations (the Basalt™

T

.
{90F)

(74F)

154

{90F) 2* Accelerometer + 2*rotation sensor

digitizers sample all channels simultaneously) nor
from signal strength since the amplitudes of the hori-
zontal components are higher than one of vertical
components (Fig. 4a). The maximum frequency for
uniform strain presented by Langston (2007) of about
5.9 Hz is close to our coherence result for the vertical
component but higher than two horizontal compo-
nents. Whether the coherence result reliably represents
the upper frequency limit of ADR computation is
discussed below.

In our first experiment, we derive vertical axis
rotation from horizontal axis translations on a horizon-
tal plane, a floor slab (Fig. 6a). Referring to the verti-
cal component in case 1 of Table 1, the vertical axis
rotation can be derived from the difference between
horizontal axis translations divided by separation dis-
tances along X and Y. The translational velocity trace is
derived from time integration of acceleration and
band-pass filtering to the frequency bands discussed
above. The Z-axis rotation rate comparison among
ADR, and point rotation sensors at TIS3 and T1S4
show good waveform similarity, yielding high zero lag
normalized correlation coefficients. This result is our
first evidence that high coherence between two rota-
tional sensors over an array can be used to determine
the maximum frequency for calculating a viable ADR.
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Fig. 4 a Amplitude Fourier spectra of acceleration and rotation
rate at station T1S3 during an earthquake. The fundamental
frequency of the three translations and two horizontal axis
rotations is ~0.15 Hz (6.4 s), while the fundamental frequency
of vertical axis rotation is ~0.22 Hz (4.5 s). b Acceleration traces
for stations T1S2, T1S3, and T1S4 without filtering. ¢ Point
rotation rates for stations T1S3 and T1S4 measured by two R-1T™.,

The matched waveform between ADR and two R-1™
measurements also indicates that the performance of
the R-1™ is adequate, at least above the frequency
0.12 Hz (periods shorter than § s).

In our second experiment, we show that horizontal
axis rotation can be derived accurately from stations at
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waveforms are corrected at mid-band sensitivity only and are not
corrected for instrument response. The sensitivities come from
laboratory sensor tests (Lin and Liu 2008). All time series are
offset for legibility; the dashed line represents the fundament
frequency

different elevations (Fig. 6b, c). Because the relative
distances between stations T1S2 and T1S3 along X, ¥,
and Z are 0.6, 6.73, and 67 m, we simply assume that
the stations are located on the Y—Z plane, ignoring the
X offset. For the Y-Z plane in Fig. 6b, translations
along Y and Z are used to derive rotations about X
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Fig. 5 Coherence of R-1™ point rotation rates about X, Y, and Z between stations T1S3 and T1S4. The Z components have a broader
frequency band of coherence than the horizontal components (the dashed line represents the band with coherence coefficient >0.8)

(case 1 in Table 1). The waveform matched well in
phase but differs somewhat in amplitude. In Fig. 6c,
we ignore the small separation distance along X
(which would make an X—Z result prone to errors),
so we treat the two stations as if they were directly one
above the other (located along Z). We assume that
interstory strain is small so that the deformation of
this subarray can be regarded as a rigid rotation.
Therefore, the gradients in translation along Y and Z
directions are consistent and we need use only X-axis
translations to derive rotation about Y (case 3 in Ta-
ble 1). As before, the waveforms between ADR and R-
1™ match well but the amplitudes differ slightly,
implying that strain cannot totally be neglected com-
pletely in this case.

In our third experiment, we show that horizontal
axis rotation also can be derived from stations on a
horizontal plane (Fig. 6d) and that the resulting ADR’s
orientation is perpendicular to a chord between the
stations used. Here the shear strain in the vertical plane
is taken to be zero (case 2 of Table 1). Because stations
T1S3 and T1S4 are not located along X or ¥, the
interstation distance is the distance along the chord
between them and the result is a rotation vector normal
to that chord. In our case, the ADR’s orientation is
counterclockwise 12.8° from the Y (map view) and is
denoted as Y. To compare the ADR with an R-1™
measurement, the latter also must be rotated to this
orientation. Although the resulting waveforms differ
slightly in amplitude (phase is matched well), the

comparison still confirms that the orientation of
the ADR is perpendicular to the chord. A method
for axis transformation of small rotations and rotation
rates is provided by Pham et al. (2009a, b); it is effec-
tively the same as translational component coordinate
transformation.

Our fourth experiment tests the peak frequency that
can be calculated well in an ADR. The coherence
result between point rotations at T1S3 and T1S4 sta-
tions (Fig. 5) shows that the coherence coefficient for
the frequency band of 0.8-3.2 Hz is poor for X and Y
but good for Z. In the following, we analyze this
frequency band for Y’ and Z because translations used
and the rotational measurements are on the same plane
(Fig. 6a, d). Figure 7 is a waveform comparison
among ADR, T1S3, and T1S4 and demonstrates that
they are adequately similar for rotations about Z but
poor about Y'. This observation is consistent with our
previous inference that coherence analysis can be used
to estimate the maximum viable frequency of an ADR.
We also note that the waveforms are out of phase
between measurements of T1S3 and T1S4 for rotation
about Y, implying that strain dominates deformation
in this instance.

Finally, we investigate whether contrasting rota-
tional measurements over the array can distinguish
shear strain from rotation as in our discussion of
Fig. 1. An optimal array for the present experiment
would have two rotational sensors in each orthogonal
plane. Our array configuration does not fulfill this
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Fig. 6 a The left panel shows the locations of stations T1S3 and
T1S4 in map view (red blocks) and their translational acceleration axes
(blue arrows), as used to calculate an ADR about Z. The right panel
shows the resulting Z rotation rate estimate (black). Point rotation rates
(R-1™) for stations T1S3 and T1S4 are band-pass filtered as discussed
in the text. Zero lag normalized correlation coefficients are shown
between the ADR and the R-1™ record for stations T1S3, and between
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Time (sec)

the two point rotation measurements, stations T1S3 and T1S4. Wave-
forms are offset vertically for clarity. b Similar to a but with stations
T1S2 and T1S3 used to calculate the ADR about X. ¢ Similar to b but
for rotations about ¥ computing from X-axis translations. d The same
as a except that only Z translations are used to derive horizontal axis
rotation and the R-1™ records are rotated counterclockwise 12.8°
from Y to be at the same orientation as the ADR
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Fig. 7 The P wave portions
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optimum except for rotation about Z in the X—Y plane;
therefore, we assume stations T1S3 and T1S4 are
along Y, ignoring the offset along X (Fig. 6a), so that
shear strain about X and Z can be derived from the
difference of rotational measurement about X and Z.
For verifying the viability of this method, we also
derive strain from our translational array about X and
Z for comparison. Figure 8 shows the strain compari-
son between these two methods and demonstrates that
only the high-frequency P wave shear strains about X
have good waveform match, while those about Z do
not. The cause of this discrepancy is unclear and
requires additional work. Other observations are that
(1) the amplitudes of array-derived strains and rotation
array differences for the S wave differ significantly
and (2) the amplitude of shear strain rate and rotation
rate (Fig. 4) is almost of the same order.

4 Discussion and conclusions

We have given evidence that the maximum frequency
for reliably calculating an ADR can be determined
from coherence between two rotational sensors collo-
cated with the array, and that the result is similar to the
criterion proposed by Langston (2007). Our results
also indicate that the coherent frequency band for
horizontal and vertical components can be different.

6 7 8 9o 10 1
Time (sec)

'!2 13 l4 15

This variability can be explained easily for buildings
because the structure and stiffness of the floor (vertical
axis rotation; torsion) and the frame (horizontal axis
rotation; tilt) differ. Whether this result appears in
ground surface rotations needs further study.

Our result in Fig. 6d demonstrates that horizontal
axis rotation can be derived from the vertical axis
translations, and that the orientation of the horizontal
axis rotation will be normal to the horizontal chord
between the stations used. Therefore, if we extend
this result to multiple stations on the surface, the
accuracy of the horizontal axis rotation is limited by
the array configuration due to orthogonalization process,
suggesting an explanation for the result of Wassermann
et al. (2009) that inconsistent rotation waveforms
about horizontal components (between ADR and R-
1™ point measurements) arise from the array not
being orthogonal. Therefore, we suggest that the
translational array should be configured as orthogo-
nal as possible, or at least stations in triangles with
equal sides.

Figure 1c suggests that two motion gradients along
orthogonal directions are the requisite condition for
calculating and distinguishing rotation and shear strain
correctly. Our array configuration meets this condition
in Fig. 6a and thus has a good waveform match, while
Fig. 6b shows somewhat contrasting amplitudes. A
possible explanation for this discrepancy in Fig. 6b is
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Fig. 8 a A comparison of array-derived strain and the difference between T1S3 and T1S4 point rotations about X and Z. b A detail
from a showing the P wave portion. ¢ Coherence between the signals in a. ADS array-derived strain

that an ADR determines a frame rotation for the Y-Z
plane between 74F and 90F (with gradients along
orthogonal directions), while two point rotational
measurements represent the floor rotation in 90F (with
gradient along Y only; cf. Fig. 1c¢ but with coordinates
X=Y as Y-Z). Our results imply that point rotational
measurement on the floor might include contribu-
tions from shear strain and cannot directly repre-
sent a rigid rotation vector. Whether this result
appears in ground surface stations will be studied
in the future.

Theory indicates that shear strain can be derived
from a translational array or from differential rotation-
al measurements. Unfortunately, we do not observe
consistent shear strain waveforms except for the P
wave portion about the X-axis and that is only some-
what similar. The reason of this discrepancy is an open
question; a possible reason cause might be instrumen-
tal error in the R-1™ given that Nigbor et al. (2009)
show that its frequency response has significant vari-
ability between units. Even so, our demonstration
indicates that amplitudes of shear strain rate and rota-
tion rate in the skyscraper are in the same order. Strain

@ Springer

coherence is worth further investigation for ground
surface deformations as well, and we will study deriv-
ing ground strain from a combined translational and
rotational array in the future.

Finally, Fig. 4a shows a fundamental frequency of
vertical axis rotation rate of about 0.22 Hz, which
differs from the other five-DOF motions (five degrees
of freedom; including two horizontal axis of rotations
and three axes of translations). Irwin (2010) suggested
that a wind induced vortex around the building’s ver-
tical axis might be the major source of Z (torsional)
rotations in a tall building. Therefore, our results also
imply that measuring full six-DOF motions and wind
speed in tall building is important.

5 Data and resources

All translational and rotational data analyzed in this
paper were collected by the authors with equipment
owned by the Institute of Earth Sciences, Academia
Sinica, Taiwan. These data have not been released to
the public.
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